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Modeling the propagation of two different wave modes simultaneously, the second-order KdV
equation is of current interest. Applying a tanh-typed method with symbolic computation, we have
found certain new analytic soliton-typed solutions which go beyond the the previously obtained
traveling wave solutions.

Keywords: Nonlinear Evolution Equations; Second-order KdV Equation; Solitonic Solutions;
Symbolic Computation.

We investigate the second-order KdV equation prawith the traveling solitary wave solutions
posed by Korsunsky [1], which is assumed to gov-
ern propagation in the same direction of two wave u(z,t) = A-sech{[z — (c; + }alA)t]/Li},
modes with the same dispersion relation, but with 3 3)
different phase velocities, nonlinearity and dispersion where 122 = Ao, /3;.
parameters:
To simplify the analysis, we transform (1), using the
Uy + (€L + C2)Ut + CLC2UL, transformations
- —1/2¢,. — —~1/2

+ [(Oél + 062)% + (alcz + 04201)%] ity (1) X (fl + ﬂZ) (-1‘ COt)v T (ﬁl + ﬂZ) t, (4)

" [(51 + 52)% +(Brez + ﬂZCl)%] Ullggee = 0, =3l Ul T) = las + agjulz, 1)

whereu(z, t) is a field function¢; are the phase ve- into

locities, «; the parameters of nonlinearity, agdthe 5

dispersion parameters for the first{ 1) and second Urr — 8"Ux ®)
(: = 2) mode. This equation exhibits two important 5 3
features: (i) if one of the modes is absent, the othex (_ + as—)UUX + (_
obeys the ordinary KdV equation, and (ii) on applica- ox oT
tion of the perturbation techniqu,e this equation leads

?
+ ﬂsa)UUXXX =0,

to the uncoupled KdV equations for each mode off€re
a corresponding temporal and spatial scale [1]. We 1 ay —aq Bo — 1
can show that in the absence of the other wave thé = 5(c1 —¢c2), @ = aptog p= By + Br )
evolution of each mode is described by its own KdV
equation with s > 0, |a|] < 1, and|3| < 1.
Two families of traveling wave solutions have been

g+ City + Uty + Bitlye, = 0 (2)  found in [1] for (5):

0932-0784 /99 / 0600-0375 $ 06®0Verlag der Zeitschriftiir Naturforschung, @ibingen- www.znaturforsch.com


mailto:wphong@cuth.cataegu.ac.kr

376 W.-P. Hong and Y.-D. Jung - Solutions for a Second-order Korteweg-de Vries Equation

U'(2.1) = Uo + 3o - sechi| + % (G + 82w — cof) — at) . @)

wherel is a constant wave amplitude and= +s corresponds to the two modes represented in (1) and

Alas — a)

U”(x7t):A'SeCﬁ|:j: m

((Bu+ 872 = cot) - at) | ®)

where the two roots af? = s? + 1/3A(as — «) correspond to the two solitary wave modes, anid the wave
amplitude.

In this work we apply the tanh-typed method [2 - 4] with symbolic computation to (5) to find some
non-traveling solitary wave solutions. As an Ansatz we assume that the physicél figl@) has the form

N
U(y,T)=>_ Au(T) - tank [G(T) - x + H(T)] )

n=0

whereN is the integer determined via the balance of the highest-order contributions from both the linear and
nonlinear terms of (5) a& = 2, while Ay (¢), G(T), andH (T') are the non-trivial differentiable functions to
be determined.

With the symbolic computation packadéaple we substitute the Ansatz (9), together with the above
conditions, into (5) and collect the coefficients of like powers of tanh:

(tant?) : 10 Ax(T)G(T)[ Ao(T) e sG(T) + Ax(T)G(T) 1 - x + Ao(T)H(T)r + 123 sG(T)3 (10)
+ 12G(T)2G(T)ry + 12G(TYH(T)]

(tank?) : — 2 Ao(T)°G(T) 1 — 24 Ax(T)rrG(T)2 + 12 A1(T)G(T) 1+ Ax(T)G(T) - ¢ (11)
+ 24A4,(T)G(T)G(T) 1 - x + 2435 A1(T)G(T)* — T24x(T)G(TYG(T) 1 + 24A,(T)G(T)* H(T) ¢
+ 120 sAL(T)G(T)? A(T) + 12 A1(T)H(T) 1 Ao(T)G(T) — 4 Ax(T) 1 Ax(T)G(T)

(tantf) : — 6 Ay(T)(G(T))® + 6 Ax(T)H(T)1? — 65° Ao(T)(G(T)Y + 3A1(T)*G(T)r G(T) - X (12)
— 3AYT)r AxT)G(T) + 6 Ao(T) Ao(T)G(T)H(T)r — 240 A5(T)(G(T)*H(T)r
— 2404x(T)G(T)*G(T)r - x — 18AYT)G(TY’G(T)r + 6 Ao(T)G(T)r” - X
+ 6 Ao(T) A2(T)G(T)G(T)r - x — 2408 sAx(T)G(T)* — 16Ax(T) H(T)r G(T)
+ 12A5(T)G(T)r H(T)r - X — 3 Ao(T)rr Ay(T)G(T) — 160 s(Ax(T)X(G(T))
+ 3A(TYH(T)rG(T) + 3a s(Ay(T)YG(T)? — 16 (A(T))*G(T)rG(T) - x
— A1) Ao(T)G(D)r + 6 sAg(T) A2(T)(G(T)Y?
(tant?) : — 18 A1(T)H(T) 7 Ax(T)G(T) — 40A1(T)G(T)3H(T)r — 40 A1(T)G(T)}G(T)r - x (13)
— 18 Ay(T)G(T)r Ao(T)G(T) - X — 4 Ao(T)y H(T)y + 12045(T)G(TYG(T)
— 24(0)G@)rr - x — ATV G(T)r — 2 A(T)H(T)rr + 2 A1(T)H(T)r?
+ 241(T)G(T)r* - X2 = 2 Ao(T) Ao(T)G(T)r — 4 Ao(T)rG(T)r - x — 2 A1(T) 7 Ay(T)G(T)
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+ 4 Ax(T) 7 Ao(T)G(T) — 2 Ao(T) A2(T)r G(T) — 2 Ao(T) 7 A2(T)G(T) + 40 Ax(T)r G(T)?
— 4083 sAL(T)G(T)* — 18a sALT)G(T)? Ax(T) — 2 s? A1(T)G(T)?
+ 2 AT AUT)G(T)G(T)r - x + 2a sAo(T) Ay(T)G(TY + 2 Ao(T) AL(T)G(T)H(T)r
+ 4 A(D)G(D)rH(D)r - X + 242(TYG(T)r

(tant?) : Ap(T)pp — 4A1(T)?H(T)pG(T) + 6Ax(T)? H(T)pG(T) + 136 Ax(T)G(T)} H(T) ¢ (14)
+ 3AY(T)Ax(T)G(T)r — 8 Ax(T)G(T)y? - x* + 24A44(T)G(T’G(T)r — 4Ay(T)’G(T)rG(T)-x
+ 3A1(T)r Ao(T)G(T) — 16 A(T)G(T)r H(T)r - X — 8 Ao(T) AT)G(T)H (T)r
— 8Ay(T) AT)G(T)G(T)r - x + 136A2(T)G(T)G(T)r - x + 1363 5 A(T)G(T)*
— 4a sAT)°G(T)? — 8a sAg(T)Ax(T)G(T)? + 6A(T)?G(T)rG(T) - x + 85%Ax(T)G(T)?
— AD)G(@)rr - x — Ao(T)AL(T)G(D)r + 6 as Ao(TYG(TY + 8 Ay(T)r G(T)°
— 8Ay(T)H(T)r? — Ao(T)r AL(T)G(T) + 3A4x(T)r A(T)G(T) — 2 A(T)rG(T)r - X
= Ao(T)AL(T)rG(T) = 2 A1) r H(T)r — Au(D)H(T)rr

(tanht) : Ay(T)pp + 6 Ay(T)H(T) 7 Ax(T)G(T) + 16 Ay(T)G(T) H(T)r + 16 Ay(T)G(T)*G(T)r - ¥ (15)
+ 6 A1 (T)G(T)r Ao(T)G(T) - X + 4 Ao(T)r H(T) 1 — 48 Ao(T)G(T)?G(T) 1 + 2 Ay(T)G(T)rr - X
+ ATV’ G(T)r + 2 Ap(T)H(T) 77 — 2 Ai(T)H(T)r? — 2 A(T)G(T)r? - X
+ 2Ao(T)AT)G(T)r + 4 A(T)rG(T)r - X + 2 A1(T)7 Aw(T)G(T) + 2 Ao(T) A2(T) 7 G(T)
+ 240(T)r A2(T)G(T) — 16 Ax(T)rG(T)* + 1635 A1(T)G(T)* + 6 e s Ax(T)G(T)? A(T)
+ 252 Ay (T)G(T)? — 2 Ao(T) AL(T)G(T)G(T)r - x — 2a s Ag(T)A1(T)G(T)?
— 24o(T)AT)G(T)H(T)r — 4 A(T)G(T)r H(T)r - X

(tant?) : Ao(T) 1 — 2 A1(T)rG(T)? + 2 Ay(T)r H(T)p + 2 A(T)H(T)y? + Ay(TYH(T) 7 (16)
+ Ao(T)ALT)G(D)r + 2 Ay(T)rG(D)r - x + 2 Ao(T)G(D)r? - x* — 25° Ao(T)G(T)
+ ATV H(T)rG(T) + Ao(T) 1 Au(T)G(T) + Ao(T) Ax(T)r G(T) + Ay(T)G(T)rr - X
— 16 A5(T)G(T)’H(T)r — 6 Ay(T)G(TYG(T)r + 4Ax(T)G(T)r H(T)r - X
— 163 s Ao(T)G(T)" + asAy(TY’G(T)? + 2a s Ao(T) Ao(T)G(T)? + Ay(TYG(T)r G(T) - x
+ 2 Ao(T) A(T)G(I)G(T)r - X + 2 Ao(T) Ao(T)G(T)H(T)r — 16 Ax(T)G(T)*G(T)r - X,

where the subscripf denotes time derivative. as

Our goalis to find the conditions fot y (T'), G(T),
and H(T') which simultaneously let the above termd/™"(x, T) = Ao(T) + A1(T)-tanH[G(T) - x+H(T)]
become zero. After dealing with some complicated ) .
symbolic calculations usindlaple, we obtained a + Ao(T) - tanif[G(T) - x +H(T)], (A7)
new family of non-traveling solitary-wave solutionswhere
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e
t -0
N
Fig. 1. Beyond traveling solitary-wave solutid®®(x,¢)  Fig. 2. Atypical sechtyped solitary wave solutiofi" (z, t)
with the parameters®, = 10,61 = 0.0L, a2, = 10, withA =13 =103 =0.01,a2 =101 =0.01,¢; =1,
a1=001, ¢ = 1 = 00L,Cy = 01,C, = 0.01, andc, =0.01.
and C; = 0.01, satisfying the solitary wave property that

U""(x, t) tends to zerdz| as approaches infinity. a=f=1lora=p=-1, (23)
G(T) = G = nonzero constant (18) which imply thata,; > a1 and g, > (5 for a =
B=1ora; > azandf, > B, fora = g = 1.

H(T) = C1T? + C,T + Cs, (19) Physically, these conditions indicate that two solitary

) wave modes propagate in the medium, where one

whereC; are arbitary constants mode’s nonlinearity and dispersion parameters are

) much bigger than the other one’s.

Ap(T) = —12G°, (20)  Finally we present two figures with some selected
parameters. We sgb = 10,51 = 0.0, ap, =10, a1 =
Ay(T) =0, (21) 001¢; = Le, = 00LC; = 0.1,C, = 0.01, and

C3 = 0.01 for the new solitary-wave solutions (17)
Ao(T) = @, (22) and plotU""(z, ) in Figure 1. The new solutions
S(T) satisfy solitary wave property thdf"¥(z, t) tends
— 4 4 2 to zero agdx| approaches infinity. For comparison in
RUT) = —24GR AT + Co)" + (192477 — 48G7s) Fig. 2 weqpk')t the traveling wave solution &t (z, t)
(20T + )% +576G%s(2C1T + C5)?  (8) with A = 1,5, = 10,41 = 0.0L ap = 10,01 =
> 6 3 0.01, ¢ =1, ande, = 0.01.
+ (576s°G° +485°G")(2C1T + () To sum up, the tanh method and symbolic computa-
+ 24445 + 192:3G7 tions lead to the new analytic solitary-wave solutions
’ (17), different from the previously obtained results [1]

S(T) = 3G35(2C4T + C)? + 3s2GH(2C, T + C») for the second order KdV equation.
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